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Abstract
We uncover a rich microphysical structure for SO(10) cosmic strings.
For the abelian string the electroweak symmetry is restored around it in
a region depending on the electroweak scale. Four distinct nonabelian
strings are found. Some of these also restore the electroweak symme-
try. We investigate the zero mode structure of our strings. Whilst there
are right handed neutrino zero modes for the abelian string, they do not
survive the electroweak phase transition in the case of the lowest energy
solution. We elucidate the zero mode structure for the nonabelian strings
above and below the electroweak phase transition. We consider the gen-
eralisation of our results to other theories and consider the cosmological
consequences of them.
DAMTP/96-72
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1 Introduction
Topological defects arise as a result of phase transitions in the early universe
[1]. Such topological defects, in particular cosmic strings, resulting from a grand
unified theory (GUT), generate density perturbations which could explain the
observed large-scale structure and anisotropy in the microwave background, see
[1] and the references therein. They also provide an important window into
the physics of the very early universe. For example, in the core of the cosmic
strings the underlying GUT symmetry is restored, resulting in baryon violating
processes being unsuppressed. This can catalyse proton decay [2], and the decay
of string loops can explain the observed baryon asymmetry [3].
In recent years it has become increasingly apparent that cosmic strings have a
richer microstructure than previously thought [4, 5]. In particular, at subsequent
phase transitions the core of the cosmic string acquires additional features. For
example, the string can cause electroweak symmetry restoration in a much larger
region around it, proportional to the electroweak scale itself [4, 5]. This new
microphysical structure has been used to provide a new scenario for electroweak
baryogenesis [6], and to investigate the current-carrying properties of cosmic
strings [7, 8].
Previous work considered the simplest extension to the Standard Model
that would allow the formation of strings. A U(1) symmetry, whose breaking
produced an abelian string, was added to the usual Standard Model symmetries.
The resulting theory had two coupling constants, of arbitrary ratio. It was
shown that if the ratio was large enough, the electroweak Higgs field would
not only be zero at its centre, but would also wind like a string. Whether this
is likely to happen with phenomological strings can be found by considering a
realistic grand unified theory, where there is less arbitrariness.
By using a larger gauge group it is also possible to consider the effects of
nonabelian strings, which could not occur in the theories considered in [4, 5].
Nonabelian strings have significantly different behaviour to abelian strings, since
the associated string generators do not all commute with the Standard Model
fields, or the other gauge fields. It is thus necessary to approach them in a
slightly different way.
As well as symmetry restoration, the presence of a string may allow the
formation of non-trivial zero energy fermion solutions, as discussed by Jackiw
and Rossi [9], for an abelian string. If such zero modes exist, a superconducting
current can flow along the string which may have long range effects [11]. It is
possible that the electroweak Higgs field, because of its string-like form, could
also allow the formation of such zero modes [8, 10, 11].
In this paper we examine these issues in detail for strings formed in a realistic
grand unified theory based on SO(10). In section 2 the grand unified theory to
be used is outlined. The possible strings that form in it prior to the electroweak
phase transition are discussed in section 3. In section 4 the effect of the strings
on the electroweak symmetry are considered, and the approximate form of the
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fields, as well as an estimate of the energy is found. In section 5 some other,
simpler symmetry restorations occuring in the theory are discussed, in particular
that of the intermediate SU(5) symmetry. In section 6 the possible existence of
fermion zero modes for abelian and nonabelian strings is investigated, including
cases in which two Higgs fields effect the fermion fields. Although one specific
theory is considered, many of the results generalise to other theories. The
implications of our results for such theories are discussed in section 7. In section
8 we summarise our results and discuss the conclusions.
2 An SO(10) Grand Unified Theory
A realistic GUT which has a symmetry breaking pattern which produces strings
is SO(10). Its properties have a reasonable agreement with physical results.
Consider the symmetry breaking
SO(10)
Φ126−→ SU(5)× Z2
Φ45−→ SU(3)c × SU(2)L × U(1)Y × Z2
Φ10−→ SU(3)c × U(1)Q × Z2
(1)
where ΦN transforms under the N representation of SO(10). The actual grand
unified gauge group is Spin(10), the covering group of SO(10), but for simplicity
the symmetry breaking is shown in terms of the Lie algebras. The discrete Z2
symmetry formed by the Φ126 Higgs field leads to the formation of a variety of
cosmic strings. Comparison of the effects of the various symmetry breakings is
simplified by expressing everything in terms of the same representation. Since
126 + 10 = (16 × 16)S this is possible. Conveniently, 16 is also the repre-
sentation that acts on the fermions. The SO(10) fermions consist of the usual
standard model fermions, plus a right handed neutrino. The fermionic part of
the theory is then expressed in terms of the left-handed fermions and the charge
conjugates of the right-handed fermions.
The maximal subgroup of SO(10) is actually SU(5)×U(1)P , and P can be
used to decompose SO(10) into representations of SU(5)
16 −→ 15 + 101 + 5¯−3 (2)
where the subscripts are the eigenvalues of P . 126 and 10 can be similarly
decomposed by considering symmetric products of 16.
126 −→ 110 + . . . 10 −→ 5−2 + 5¯2 (3)
P can also be used to describe the non-trivial element of the discrete symmetry
of (1), which is D = exp(2πiP/10).
The vacuum expectation value of Φ126 has a magnitude of
η1√
2
, which is of
order 1015 GeV. It is in the 110 component of 126, and so must be equal to
3
η1√
2
(u × u), where u is in the 15 component of the 16 representation of SU(5)
(the corresponding field in the fermion representation is the charge conjugate of
the right-handed neutrino). In SU(5) the VEV of the equivalent of Φ10 is in the
chargeless component of 5−2. This choice can create problems in SO(10) (see
section 6.2.4), so the VEV of Φ10 is made up of both the chargeless components
of 10 instead. If H0 and H˜0 are the chargeless components of 5−2 and 5¯2
respectively, Φ10 can be expressed as
η2√
2
H0, where H0 = H0κ + H˜0κ˜. If the
fermion field phases are defined appropriately, κ and κ˜ will be real and positive,
and κ2 + κ˜2 = 1. Since 10 is contained in (16 × 16)S , H0 can be expressed
as a sum of symmetric products of components of 16s. The 45 is contained in
16× 1¯6. Φ45’s effect on the formation of strings is far less significant than the
other Higgs fields, so it can be ignored for now.
Strings can form at the first SO(10) −→ SU(5) × Z2 symmetry breaking.
In this case Φ126 is not constant, and takes the form e
iθTsφ
(0)
126(r). φ
(0)
126 is
independent of θ, and satisfies the boundary condition φ
(0)
126(∞) = η1√2u× u. Ts
is made up of the broken generators of SO(10), and must give a single-valued
Φ126. If e
2piiTs = U ×D (where U is in SU(5)), then while Φ126 will be single
valued, it will not be topologically equivalent to Φ126 = constant, and so the
string will be topologically stable. If e2piiTs = U×I the string is not topologically
stable, but may have a very long lifetime, and so still be physically significant
[11].
The Lagrangian of the system is
L = (DµΦ126)∗(DµΦ126) + (DµΦ10)∗(DµΦ10) + (DµΦ45)∗(DµΦ45)
− 14F aµνFµνa − V (Φ126,Φ45,Φ10) + Lfermions
(4)
where Dµ = ∂µ − 12 igAµ and Fµν = ∂µAν − ∂νAµ − 12 ig[Aµ, Aν ]. There are
45 gauge fields in all, most of which acquire superheavy masses and so are not
observed at everyday temperatures. They consist of the usual standard model
fields, with the W -bosons denoted by W iL; W
i
R, which are right-handed ver-
sions of the W iL, coupling right handed neutrinos to electrons; some leptoquark
bosons: Y ±i , X
±
i , X
±
Si, where Y
±
i and X
±
i are SU(5) gauge fields; some more
general gauge fields X ′i
±
and Y ′i
±
, which couple quarks to leptons and different
coloured quarks; and a fifth diagonal field, B′. The index i takes the values
1,2,3, and is related to colour. Two uncharged diagonal fields, S and B, are
made up of orthogonal linear combinations of W 3R and B
′. Linear combinations
of B and W 3L produce the Z boson and the photon, A. At the first symmetry
breaking S, W±R , X
′
i
±
, Y ′i
±
, and X±Si are all given superheavy masses. The
second stage gives high masses to X±i , Y
±
i , and additional masses to W
±
R , X
′
i
±
,
Y ′i
±
and X±Si. Finally the third symmetry breaking gives masses to W
±
L and Z,
with further masses being given to the S, W±R , Y
±
i and Y
′
i
±
fields.
4
3 GUT Strings
Neglecting fermions, the Euler-Lagrange equations obtained from (4) are
DµD
µΦi = − ∂V
∂Φ∗i
(5)
∂µF
µνa − 1
2
igf cabA
b
µF
µνc = −gIm
∑
i
(DνΦi)
∗(τaΦi) (6)
At high temperatures V is such that Φ126 is the only non-zero Higgs field. (5)
and (6) have various string solutions. The different solutions correspond to
different choices of Ts. In the SO(10) −→ SU(5) × Z2 symmetry breaking, 21
of SO(10)’s 45 generators are broken, and Ts is a linear combination of them.
One of them, P , corresponds to the U(1) symmetry not embedded in SU(5).
The corresponding string is abelian, and has the solution
Φ126 = f(r)e
inθTsφ
(0)
126(∞)
Aθ = n
2a(r)
gr Ts Aµ = 0 otherwise
(7)
where Ts, the string generator, equals
P
10 , and n is an integer. The non-zero
gauge field is required to give a zero covariant derivative, and hence zero energy,
at infinity. It corresponds to a non-zero S field. (7) can be simplified using
Pu = 5u, to give einθTsφ
(0)
126 = e
inθφ
(0)
126. Substituting (7) into (5) and (6) gives
the Nielsen-Olesen vortex equations, as would be expected. Regularity at the
centre of the string, and finite energy due to a vanishing covariant derivative
and potential at infinity, imply the boundary conditions f(0) = a(0) = 0 and
f(∞) = a(∞) = 1.
The situation for the other generators is more complicated. For a general
string generator Ts, the left and right hand sides of (5) are proportional to
T 2s φ
(0)
126 and φ
(0)
126 respectively, which in general are not proportional [13]. Thus
the solution (7) will not work. This is resolved by expressing φ
(0)
126(∞) in terms
of the eigenstates of T 2s , to give φ
(0)
126(∞) =
∑
m φm, where T
2
s φm = m
2φm.
Since Ts is Hermitian, m
2 will be positive and real. A suitable string solution
can now be constructed
Φ126 = e
iθTs
∑
m fm(r)φm
Aθ =
2a(r)
gr Ts Aµ = 0 otherwise
(8)
In order for Φ126 to be single valued the various m must all be integers, and
Tsφ0 must be zero. The boundary conditions on a and fm will be the same as
those for (7), except that f0 need not be zero at r = 0. The simplest examples
of such solutions occur when T 2s u =
n2
4 u (where n is an integer), in which case
φn =
η1√
2
(
1
2
u× u+ 2
n2
Tsu× Tsu
)
and φ0 =
η1√
2
(
1
2
u× u− 2
n2
Tsu× Tsu
)
(9)
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Tsu and u are orthogonal, so φ0 and φn are orthogonal. In this case only part of
the Higgs field winds around the string. This type of string was first suggested
by Aryal and Everett [12], and has been examined in detail by Ma [13]. It turns
out to have lower (about half as much) energy than the abelian string (7). This
is because the Higgs field is not forced to be zero at the string’s centre, which
reduces the contribution to the energy from the potential terms. Also since Φ126
varies less, the covariant derivative terms are smaller.
Of course, such vortex-like solutions are only topological strings if e2piiTs
is not contained in SU(5). If n is even this is not the case, and the solution
is topologically equivalent to the vacuum. Similarly, odd values of n are all
topologically equivalent to each other, so there is only one topologically distinct
type of string of this form. Strings with higher n can unwind into strings with
lower n. The same is true of the abelian string. However it is possible that the
lifetime of an n > 1 string will be very long, so in a general theory all values
of n should be considered. Putting Ts −→ nTs in (8) and n = 1 in (9) gives a
similar ansatz to (7), making comparison easier.
As shown in [13] the most general potential reduces to a different form to
that of the abelian case, and leads to these equations for a and the fm’s
f ′′0 +
f ′0
r
= η21
[
λ1
(
f21 + f
2
0
2
− 1
)
− µ1
(
f21 − f20
2
)]
f0 (10)
f ′′1 +
f ′1
r
− n2 (1− a)
2
r2
f1 = η
2
1
[
λ1
(
f21 + f
2
0
2
− 1
)
+ µ1
(
f21 − f20
2
)]
f1 (11)
a′′ − a
′
r
= −1
2
g2η21(1 − a)f21 (12)
where µ1 and λ1 are such that f1(∞) and f0(∞) will both be 1. The corre-
sponding equations for the abelian string (Ts = P/10) are
f ′′ +
f ′
r
− n2 (1− a)
2
r2
f = η21λ1(f
2 − 1)f (13)
a′′ − a
′
r
= −5
2
g2η21(1 − a)f2 (14)
The above nonabelian strings are in fact all SU(2) strings. There are other
more complicated possibilities, for which T 2s u is not proportional to u, but none
of these are topologically stable. We shall only consider topologically stable
strings, and the closely related solutions with higher winding numbers. If a
single valued charge operator is also required there are just a few possibilities
for Ts, which can be classified in terms of the non-zero gauge fields around the
string. These are all equivalent under SU(5), but not under SU(3)c × U(1)Q,
so they will be distinct after the electroweak symmetry breaking. Apart from
the abelian string the four cases correspond to non-zero W±R , X
±
Si, X
′
i
±
and
Y ′i
±
fields. Under SU(3)c × U(1)Q any linear combination of X±Si generators
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can be gauge transformed into any other combination, thus they are equivalent.
The same is true for the other generators, so there are just 5 distinct types of
string at low temperatures. The 4 nonabelian strings can be labelled by their
gauge fields. Under U(1)Q, nonabelian strings with winding number −n are
gauge equivalent to ones with winding number n (for any choice of Ts), so it is
sufficient to consider only n > 0 strings.
Since all the nonabelian strings are gauge equivalent under SU(5), they have
the same energy, which is about half that of the abelian string [13]. Although
these strings give single valued electric charge, they do not all give single valued
colour charge, and so some are Alice strings. This does not mean that they are
unphysical, as discussed in [14].
4 The Electroweak Symmetry Breaking
Topological strings only form in a symmetry breaking G −→ H if π1(G/H) 6= I.
This is not the case at the third (Φ10) symmetry breaking, so such strings do
not form there. It is still possible for Φ10 to wind, and for string-like solutions
to appear [15]. However, since it is energetically favourable for the Higgs field
to unwind, they are not completely stable (although they could take a long time
to decay).
The situation is different in the presence of a topological string, formed at
a previous symmetry breaking. If the electroweak Higgs field took its usual
constant vacuum expectation value now, and the gauge fields from the string
did not annihilate it, its covariant derivative would be non-zero everywhere. At
large r it would be proportional to 1/r, and so it would have logarithmically
divergent energy. This can be avoided by allowing Φ10 to wind like the GUT
string. In order for it to be single valued, it may be necessary to alter the string
generator, Ts. Alternatively it may be possible cancel the effect of the string
gauge fields by adding other gauge fields which have an opposite effect on Φ10.
The most energetically favourable solution is likely to be a combination of these
two alterations. Unlike the electroweak strings considered by Vachaspati [15],
the resulting string-like solutions would be stable.
4.1 The Abelian U(1) String
For the abelian string, the covariant derivative can be made to vanish by letting
Φ10 wind. But TsH
0 = − 15H0, and TsH˜0 = 15H˜0, so e2piinTsφ
(0)
10 6= φ(0)10 in
general. When n is not a multiple of 5, just allowing Φ10 to wind is insufficient,
since this will give a multi-valued Φ10. Instead Ts must be replaced by another
generator, T˜s, which will give a single valued Φ10. The gauge field must also be
changed to give a vanishing covariant derivative. This alteration must not affect
the GUT string, as any change would give a large increase in energy. Thus T˜s
needs to be of the form Ts + R, where R annihilates u and Tsu, but has some
7
affect on H0. If RH0 = kH0 and RH˜0 = −kH˜0, (k is real since R is Hermitian),
a suitable ansatz is
Φ10 =
η2√
2
h(r)ein(Ts+R)θH0 = η2√
2
h(r)
(
eimθH0κ+ e−imθH˜0κ˜
)
Aθ = n
2
g
(
a(r)
r Ts +
b(r)
r R
)
Aµ = 0 otherwise
(15)
where m = n
(
k − 15
)
, and a(r) is determined by the GUT string. Now the
covariant derivative of Φ10 does vanish at infinity (provided b(∞) = 1), and if k
is such that m is an integer, Φ10 will still be single-valued. Such an R does exist
in SO(10), and it is proportional to the generator of Z. Strictly, the variation
of Φ10 will effect the GUT string, but the effect is of order η
2
2/η
2
1 ∼ 10−26, and
so can be ignored. (Φ10 takes the role of the Weinberg-Salam Higgs field and
so its usual vacuum expectation value, η2√
2
, is of order 102 GeV.) The functions
h(r) and b(r) obey the same boundary conditions as f(r) and a(r) in (13,14),
for the same reasons, except when m = 0, in which case h(0) need not be zero.
This gives the field equations
h′′ +
h′
r
− n2
[
k(1− b)− 15 (1− a)
]2
r2
h = η22λ2(h
2 − 1)h (16)
b′′ − b
′
r
= −2
5
g2η22
{
(1− b)− 1
5k
(1− a)
}
h2 (17)
Strictly they should include contributions arising from |Φ126|2|Φ10|2 terms in
the Lagrangian. However, outside the string core |Φ126| is constant, and the
cross terms can be absorbed into the constant potential terms. Inside the string
this is not so, but the effect of the gauge terms on Φ10 far outweighs that of
the potential terms, as noted in [5]. Thus |Φ126| can be taken as being constant
everywhere. These are similar in form to the Nielsen-Olesen vortex equations,
except for the extra gauge term. They are also similar in that they cannot
generally be analytically solved. However, using a similar approach to [4] it
is possible to obtain an approximate trial solution, and use it to estimate the
energy of (15).
Defining rs to be the radius of the string (outside of which |Φ126| takes
its usual VEV), and rew to be the radius of the region in which |Φ10| does
not take its usual VEV, the solution can be approximated separately in three
regions. If g, λ1 and λ2 are of order 1, rs will be of order η
−1
1 and rew will
be of order η−12 . At short distances the potential, and additional gauge term,
b(r), can be neglected in (16), as the other terms dominate. Inside the string
itself, (r < rs) a(r) ∼ r2 can also be ignored giving h(r) = Cr|m| (the other
solution is not used since h(0) must be zero). b(r) is made up of two terms, an
r2|m|+2 term, proportional to C, and an arbitrary r2 term. For rs < r < rew,
a(r) is approximately 1, and so h = Ar|nk| + Br−|nk|. Requiring continuity
of h and h′ at r = rs, ensures that B ∼ Ar2|nk|s , and so it can be neglected
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away from the string. The situation is slightly different for m = 0. In this
case h(r) = C for r < rs (the second, logarithmic solution is not allowed by
regularity at r = 0 [13]) and h(0) 6= 0. The solution will still take the above
form for r > rs. Matching the solutions gives B = Ar
2|nk|
s , and C = 2Ar
|nk|
s ,
thus B can be neglected as before. Inserting this into (17) for rs < r < rew
gives b(r) = Fr2(|nk|+1) + Gr2, where G is arbitrary and F is related to A.
Matching h and b at r = rew reveals that to first order F can be neglected, and
so a sensible trial solution is
h(r) =
{ (
r
rew
)|nk|
1
b(r) =
{ (
r
rew
)2
r < rew
1 r > rew
(18)
For m = 0 this determines C to be 2(rs/rew)
|nk|, which although not equal
to zero, is very close. An estimate of the energy of this string-like solution
can now be found by substituting the trial solution into the Lagrangian. The
contribution from the region r < rs is suppressed by powers of rs and can be
neglected. All the contributions are zero for r > rew , thus
Energy = 2π
∫∞
rs
rdr
{
|∂rΦ10|2 + |DθΦ10|2 + 12 (∂rAaθ)2 + V (Φ10)
}
= 2π
∫ rew
rs
rdr
{
η22
2 h
′2 + η
2
2n
2k2
2r2 [1− b]2h2
+ 5n
2k2
4g2
(
b′
r
)2
+ λ2
η42
4 (h
2 − 1)2
}
= 2πη22
{
|nk|
4 +
n2k2
2
(
1
2|nk| − 22+2|nk| + 14+2|nk|
)}
+ 5n
2k2
2g2r2
ew
+ λ2
η42r
2
ew
4
(
1
2 − 22|nk|+2 + 14|nk|+2
)
(19)
Thus, taking η2rew ∼ 1, the energy is of order |nk|η22 . It is minimised by
minimising |k|, subject to the restriction that m = n (k − 15) is an integer.
For |n| < 3 this occurs at k = 15 , giving m = 0. Thus for small n, although
the electroweak Higgs field has a string-like profile (it is approximately zero at
r = 0), it does not wind around the string. This is in agreement with earlier
work by Alford and Wilczek [16]. The electroweak symmetry is restored around
it, and over a much larger region than the other symmetry restoration, since
rew ≫ rs. Putting a(r) = 1 in (16) and (17) will give the Nielsen-Olesen
equations for a string with winding number |nk|, thus the profile of h(r) is not
what would usually be expected of an abelian string.
If n is a multiple of 5 then the energy will be minimised by k = 0 (as would
be expected). In this case h is constant for r > rs. Thus the approximate
solution obtained with the above method is h(r) = Cr|n|/5 for r < rs and
h(r) = 1 for r > rs. This has approximately the same form as f(r). Although
the electroweak symmetry is still restored, it is over a much smaller region than
in the k 6= 0 cases. Throughout this region the electroweak Higgs field winds.
All of these results are completely independent of the choice of κ and κ˜.
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Intuitively, it seems that the above solution has minimal energy. However,
it might be possible to get even lower energy by adding more or different SU(5)
gauge fields. If (for |n| < 3) such gauge fields caused the Higgs field to wind
(in order to give a zero covariant derivative at infinity), the energy would be
higher, since it is roughly proportional to winding number. Thus an alternative
gauge field (R˜) would have to satisfy (Ts + R˜)H0 = 0 to give eiθ[Ts+R˜]H0 = H0
for all θ. So R˜H0 = − 15H0 is needed, which has the unique solution R˜ = R,
and so the minimal energy solution has been found.
4.2 The Nonabelian SU(2) Strings
4.2.1 XS and X
′ Strings
Although at the GUT scale all the SU(2) strings have the same properties,
this is not true at low temperatures, since they affect Φ10 differently. There
are basically two different cases. The generators corresponding to the X±Si and
X ′i
±
both annihilate the usual vacuum expectation value of Φ10, and so the
string gauge fields have no effect on this symmetry breaking, and Φ10 can be
constant everywhere. There is still the possibility of symmetry restoration from
potential terms, which is due to variation of the Φ126 and Φ45 fields (see section
5.3), although this is less significant. The other generators do have a non-trivial
effect.
4.2.2 W Strings
For the string with the W±R gauge fields, T
2
sH0 = 14H0, so e2piinTsφ
(0)
10 =
(−1)nφ(0)10 . Thus, in the presence of a topological string (when n is odd), as
with the abelian string (when n5 in not an integer), it is necessary to replace Ts
with Ts+R. R is chosen to give a single valued Φ10, while still giving a vanishing
covariant derivative at infinity. In order not to alter the GUT string Ru and
RTsu must both be zero. The only possibility is R = kiτ
W i
L , where τW
i
L is the
generator corresponding to the W iL boson. As with the GUT nonabelian string,
the Higgs field needs to be split up into different eigenvectors of n2(R + Ts)
2.
Noting that R2H0 = k2H0 and RTsH0 = TsRH0, where k2 =
∑
i k
2
i , it is found
that for non-zero k, Φ10 is made up of two such eigenvectors
ψp,q =
1
2
H0 ± 1
k
RTsH0 (20)
which have eigenvalues p, q = n
∣∣ 1
2 ± k
∣∣. Both of these must be integers, and so
if n is odd 2nk must be an odd integer to ensure that Φ10 is single valued.
If n is even, it is sufficient for nk to be an integer. In this case k = 0 is a
possibility, and there is no need for extra gauge fields. The field equations are
solved using the ansatz of the form Φ10 =
η2√
2
einTsθH0h(r).
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Without loss of generality k > 0 and p > q can be assumed when n is odd.
This gives the following ansatz for Φ10 and the modified gauge as
Φ10 =
η2√
2
ein(Ts+R)θ (ψphp(r) + ψqhq(r))
Aθ = n
2
g
(
a(r)
r Ts +
b(r)
r R
)
Aµ = 0 otherwise
(21)
As with the other solutions, hp(∞) = hq(∞) = b(∞) = 1, and hp(0) = b(0) = 0
to give the correct asymptotic form of the solution and regularity at r = 0. If
q 6= 0, hq(0) = 0 is needed too. The resulting field equations are
h′′p +
h′p
r
− n2
[
1
2 (1− a) + k(1− b)
]2
r2
hp =
2
Npη22
∂V
∂hp
(22)
h′′q +
h′q
r
− n2
[
1
2 (1− a)− k(1− b)
]2
r2
hq =
2
Nqη22
∂V
∂hq
(23)
b′′ − b
′
r
= −g2η22
{[
(1− b) + 1− a
2k
]
Nph
2
p +
[
(1− b)− 1− a
2k
]
Nqh
2
q
}
(24)
where Np,q = |ψp,q|2, and so Np + Nq = 1. Except for the extra gauge term,
these resemble the usual nonabelian vortex equations (10-12), like (16) and (17)
resembled (13) and (14). As with the abelian string the energy can be estimated
and minimised with a trial solution. When r < rew the effect of b on hp, hq can
be neglected, and a can be taken to be 0 and 1 for r less than and greater than
rs respectively. Thus for r < rs, hp = Cpr
p and hq = Cqr
q. These contribute
rp+2 and r2q+2 terms to the gauge term b, which also has an arbitrary r2 term.
For r > rs, hp,q = Ap,qr
nk + Bp,qr
−nk. Matching the solutions at r = rs gives
Bp,q ∼ Ap,qr2nks , thus Bp,q can be neglected. The gauge field then takes the
form b(r) = Fr2nk+2 + Gr2, with G arbitrary and F related to Bp and Bq.
Matching solutions at r = rew shows that the r
2 term dominates. This suggests
the trial solution
hp(r) = hq(r) =
{ (
r
rew
)nk
1
b(r) =
{ (
r
rew
)2
r < rew
1 r > rew
(25)
where, as in (18), the solution is assumed to take its asymptotic form for r > rew,
and the arbitrary constants are determined by ensuring continuity. Substitut-
ing (21) into the Lagrangian gives an additional contribution to the energy
(neglecting r < rs) of
Energy = 2π
∫ rew
rs
rdr
{
η22
2 (Nph
′2
p +Nqh
′2
q ) +
η22n
2k2
2r2 [1− b]2(Nph2p +Nqh2q)
+ n
2k2
2g2
(
b′
r
)2
+ V (hp, hq)
}
(26)
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However, for r > rs the trial solution (25) has hp(r) = hq(r) = h(r) where h(r)
is the Higgs part of the abelian trial solution (18). Substituting this into (26)
reduces it to an expression almost identical to (19), the extra abelian string
energy. Thus, taking η2rew ∼ 1, the electroweak W -string energy is of order
nkη22 . For odd n, 2nk must be a positive odd integer, so the minimal energy
occurs when k = 12n , and so p =
1
2 (n+ 1), q =
1
2 (n− 1). For even n the energy
is minimised by putting k = 0, and so there is no symmetry restoration outside
of the GUT string radius (rs). Thus only topological nonabelian W -strings will
cause electroweak symmetry restoration outside of the string core. This is in
contrast to the abelian case, in which symmetry is restored in the region r > rs
for odd and even n.
The lowest energy string (n = 1) will have k = 12 , although this does not im-
ply that the abelian string (with |k| = 15 ) has lower energy than the nonabelian
string, since there is also the contribution from the GUT part of the string,
which is of order η21 ≫ η22 , and is higher for the abelian string. Despite the fact
that only half the electroweak Higgs field winds arround the string, in a similar
way to the GUT Higgs field, all of the Higgs field is approximately zero at the
string’s centre (h0 ∼
√
rs/rew for r < rs), and so the electroweak symmetry is
almost fully restored there. In contrast, the symmetry breaking caused by the
GUT Higgs field is only partially restored at the centre of the string, because
|Φ126| is about 12 there. As with the abelian string the profile of Φ10 is like that
of a string with a non-integer winding number, in this case 12 .
Unlike the abelian string there is a choice of extra gauge fields. For r > rs
they all give approximately the same contribution to the energy, so it is necessary
to consider the r < rs contribution to find the precise minimal energy solution.
Taking k = 12n and matching solutions at r = rs, gives hp,q =
√
rs
rew
(
r
rs
)p,q
.
The extra energy contribution (ignoring potential and gauge terms) is then
2π
η22
2
rs
rew
[Npp+Nqq] (27)
Thus, since p > q, the energy will be minimised by minimising Np. Np,q can
be found explicity in terms of the parameters of the gauge fields. Ts is equal to
1
2
√
2
(zτW
+
R + z∗τW
−
R ), for some z with |z| = 1, and R = kiτW iL , with
√∑
i k
2
i =
k = 12n . Substituting these expressions into (20), and evaluating it gives
ψp,q =
1
2 [κ±κ˜z∗(k1 + ik2)/k]H0 + 12 [κ˜± κz(k1 − ik2)/k]H˜0
± 12 (z∗κ˜H+ − zκH˜+)k3/k
(28)
and so Np,q =
1
2 ± κκ˜Re{z(k1 − ik2)/k}. Working in a U(1)Q gauge in which
z is equal to 1, Np =
1
2 + κκ˜k1/k. Since |k1| ≤ k, Np is minimised by putting
k1 = −k = − 12n , which gives k2 = k3 = 0. Thus the minimal energy solution
has only non-zero W±L gauge fields. Furthermore the ratio W
2
L/W
1
Lis equal to
W 2R/W
1
R. The energy difference between the various choices of ki is only about
12
rs
rew
∼ 10−13 of the electroweak contribution, and so it is quite possible other
neglected effects could alter this choice.
The above is generally true, although if κ or κ˜ is zero, the different choices
of R all give the same energy. They are all gauge equivalent under SU(2),
but since this symmetry is broken, there are several physically distinct minimal
energy solutions.
An interesting case occurs when κ = κ˜. Then ψp = 0 and ψq = H0 giving
Φ10 =
η2√
2
hq(r)e
in(Ts+R)θH0 (29)
so Φ10 has just one winding number, instead of the usual two. In this respect it
resembles the equivalent abelian case, and will share some of the properties of
abelian strings (see section 6). There is a slight difference in that (Ts + R)H0
is not proportional to H0.
4.2.3 Y Strings
The fourth type of nonabelian string has Ts proportional to an appropriate linear
combination of the generators of the Y ′i
±
gauge fields. In this case T 2sH0 = 14H0,
and so the situation is similar to theW -string, and has a similar solution. Ts will
be equal to 1
2
√
2
(
ciτ
Y ′
i
+
+ c∗i τ
Y ′
i
−
)
, with
∑
i |ci|2 = 1. To give a single valued
Φ10, Ts must be replaced with Ts +R, where R does not alter the GUT string,
but still affects Φ10. The only such generators are ciτ
Y +
i , c∗i τ
Y −
i , and a third
generator made up of the A, Z, and gluon fields. Together they form an SU(2)
subgroup, with the third generator the equivalent of τW
3
L . Like the W -string,
the different choices of R give an approximately equal increase in energy at the
electroweak scale. However, τY
±
i have a non-trivial effect on Φ45, so when the
SU(5) symmetry breaking is taken into account, the choice of R that minimises
the energy will be different to the corresponding choice for the W -string (see
section 5.1). The Y -string is less physically significant than the W -string, since
although it gives a globally defined charge, it gives multi-valued W±L fields.
4.3 Summary
Electroweak symmetry is restored and electroweak string gauge fields are present
in the presence of the abelian and the W and Y nonabelian GUT strings. This
generally occurs in a region around the string whose size is inversely proportional
to the electroweak Higgs VEV, and is much bigger than the string core. If n
is a multiple of 5 for the abelian, or 2 for the nonabelian strings, the region is
approximately the same as the string core, and there are no extra string gauge
fields.
It is also possible that Φ10 will wind. For the abelian string its winding
number is the closest integer to − 15n, and hence zero for n = 1. For the W and
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Y nonabelian strings it is 12n for even n. For odd n, different parts of Φ10 have
different winding numbers, a bit like the corresponding GUT string. They are
1
2 (n−1) and 12 (n+1). The remaining two nonabelian strings (XS and X ′) have
no effect on Φ10 at all.
5 Other Symmetry Restorations
5.1 The Intermediate Symmetry Restoration
So far the effect of the string on the second Higgs field Φ45 has been neglected,
because it is far less significant. Φ45 is in the adjoint representation, and so its
covariant derivative takes the form DµΦ45 = ∂µΦ45 − 12 ig [Aµ,Φ45]. The gener-
ator corresponding to the S particle (P ) commutes with Φ45, so the gauge fields
of the abelian string will not stop Φ45 from taking its usual vacuum expectation
value everywhere. Thus it has no effect on the electroweak symmetry breaking,
and gives no additional contribution to the energy. The other strings will give
non-vanishing covariant derivatives at infinity. This is avoided by allowing Φ45
to wind like a string
Φ45 = e
inθTsφ
(0)
45 (r)e
−inθTs (30)
where φ
(0)
45 (∞) is equal to the usual vacuum expectation value of Φ45. Conve-
niently e2piniTs (for all choices of Ts) and φ
(0)
45 commute, so Φ45 will be single
valued for all n, and no extra gauge terms are needed. As with the Φ126 and
Φ10 fields it is necessary to split Φ45 up into eigenstates of T
2
s . Thus, using the
fact that φ
(0)
45 (∞) and T 2s commute, and that T 3s = 14Ts
Φ45 = e
inθTsψ1s1(r)e
−inθTs + ψ0s0(r)
with ψ1 = 2T
2
s φ
(0)
45 (∞)− 2Tsφ(0)45 (∞)Ts, ψ0 = φ(0)45 (∞)− ψ1
(31)
The field equations for s0,1(r) will be similar to (10) and (11), with the similar
boundary conditions s0,1(∞) = 1 and s1(0) = 0. Since the gauge contribution
(1−a(r)) vanishes for r > rs, φ(0)45 (r) = φ(0)45 (∞) is a solution outside the string.
Thus the region of symmetry restoration will be of radius rs (order |Φ126(∞)|−1).
This is in contrast to the other Higgs fields, which restore symmetry in regions
of order the reciprocal of their own values at r =∞.
This is true for the X ′, XS and W -strings. For higher temperatures, at
which the Φ10 symmetry breaking has not occured, it is also true for the
Y -string. After the final symmetry breaking, there is an additional contri-
bution from the Y ±i fields. This can be resolved by altering (30) to Φ45 =
einθ(Ts+R)φ
(0)
45 (r)e
−inθ(Ts+R), which is still single valued. If Rφ(0)45 (∞) 6= 0 this
will give a large increase in the energy. Rφ
(0)
45 (∞) is only equal to zero when R
involves just the Y -string equivalent of τW
3
L , so this possibility is most likely to
occur. With the W -string, Rφ
(0)
45 = 0 for all R, since W
±
L and Φ45 commute,
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so Φ45 does not alter the energetically prefered choice of R. Thus as previously
stated, the Φ45 symmetry breaking has little effect on the string properties,
except for the Y -string.
5.2 The Minimal Energy Choice of T
s
After the first symmetry breaking, there were only two gauge inequivalent possi-
ble strings, and the nonabelian strings had the lowest energy. After the second
symmetry breaking, the X ′ and Y -strings, which are gauge equivalent under
SU(2)L have the lowest energy. Of the nonabelian strings, the W -string has
highest energy, with the XS-string having slightly less. The final symmetry
breaking gives an additional contribution to the Y -string, so the most energet-
ically favourable choice of string generator is made up of τX
′
i
±
, and does not
have any effect on electroweak symmetry. Just because the other strings are not
energetically favourable does not mean that they will not form, but just that
they are less likely to form (but see section 7).
5.3 Non-gauge field symmetry restoration
Even when a Higgs field is unaffected by a string’s gauge fields, it is still possible
for symmetry restoration to occur via the potential terms. This has previously
been discussed for an abelian string in [5]. For example, in the absence of strings,
before electroweak symmetry restoration occurs, so Φ10 = 0, the potential takes
the form
V (Φ126,Φ45) = λ1
(
|Φ126|2 − η
2
1
2
)2
+ λ′
(
|Φ45|2 − η
′2
2
[
α+ β
2
η21
|Φ126|2
])2
(32)
where η′/
√
2 is the usual VEV of Φ45, and α + β = 1. This is minimised by
setting Φ126 and Φ45 to their usual VEVs. However, in the presence of an
abelian string |Φ126| is proportional to f(r), so, writing |Φ45| = s(r)η′/
√
2, the
potential becomes
λ1
η41
4
(f2 − 1)2 + λ′ η
′4
4
(s2 − [α+ βf2])2 (33)
which, for small r, is no longer minimised by s = 1, for β 6= 0. Thus, if the
theory’s parameters take appropriate values, |Φ45| will be lower than usual, or
even zero at the string’s centre. Alternatively |Φ45| could be higher than usual
there.
If symmetry restoration by this mechanism occurs at all, it will only be in
the region r < rs, since |Φ126|, and hence V (Φ126,Φ45) take their usual values
at higher r. Unlike the corresponding symmetry restoration by gauge fields, Φ45
will never wind. When Φ10 is not equal to its usual VEV, it could also cause
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|Φ45| to vary. In this case the symmetry restoration could take place in the
larger r < rew region.
A similar situation can occur with Φ10 in the presence of an X
′ or XS string.
In this case both |Φ45| and |Φ126| are lower than usual for r < rs. For nonabelian
strings the potential is more complicated since it involves f1 and f0 terms, as
well as the corresponding Φ45 terms. Even inside the string, f0 and s0 are non-
zero, so the variation of the potential is likely to be less substantial than the
abelian case, and hence extra symmetry restoration is less likely to occur. Even
if it does, Φ10 will always take its usual VEV outside the string.
6 Fermion Zero Modes
In the presence of a string, non-trivial zero energy solutions to the fermion
equations of motion may exist. If such solutions involve charged fermions moving
along the string, they will correspond to a superconducting current. The effects
of such a current will be observable at large distances, thus providing a possible
method of observing cosmic strings [11]. The fermionic part of the Lagrangian
is
Lfermions = Ψ¯LiγµDµΨL − 1
2
ig2Ψ¯LΦ10Ψ
c
L −
1
2
ig1Ψ¯LΦ126Ψ
c
L + (h. c.) (34)
where γµ = (1, σi) since ΨL is a two component spinor. Varying Ψ¯L in (34)
gives
iγµDµΨL − ig2Φ10iσ2Ψ∗L − ig1Φ126iσ2Ψ∗L = 0 (35)
Because of the symmetries of the system, it is possible to look for solutions
which are independent of z and t. It is also possible to separate out their r and
θ dependence. If such solutions are found, it is easy to generalise them and allow
z and t dependence. The resulting equations are easily solved, and correspond to
superconducting currents [11]. Thus the existence of two-dimensional solutions
implies that the string is superconducting. Following the approach of Jackiw
and Rossi [9], ΨL can be split into eigenvectors of σ3, ψU and ψD, and (35)
becomes
eiθ
(
∂r +
i
r
∂θ +
g
2
Aθ
)
ψU + g2Φ10ψ
∗
U + g1Φ126ψ
∗
U = 0 (36)
e−iθ
(
∂r − i
r
∂θ − g
2
Aθ
)
ψD − g2Φ10ψ∗D − g1Φ126ψ∗D = 0 (37)
Jackiw and Rossi considered the affect of an abelian string on a system in
which only one Higgs field was present. The presence of additional Higgs fields
complicates things. However Φ126 has no effect on most of the fermion fields,
so the results of [9] can be applied in some cases.
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It is not necessary to attempt to solve both (37) and (36), since one can
be transformed into the other. The complex conjugate of (36), with the sub-
stitutions n → −n and ψU → iψ∗D, gives (37). Thus, although nonabelian
strings with winding numbers n and −n are gauge equivalent, it is convenient
to consider them both when solving (36).
6.1 Zero Modes for the Abelian String
6.1.1 High Temperature Neutrino Zero Modes
At high temperatures Φ10 is zero, and so with the exception of ν
c, none of
the fermion fields are affected by Higgs fields. For the conjugate neutrino (36)
becomes
eiθ
(
∂r +
i
r
∂θ +
1
2
n
a(r)
r
)
νcU +m1f(r)e
inθνc∗U = 0 (38)
where m1 = g1η1/
√
2. This equation has been discussed in detail in [9]. It has
n normalisable solutions for n > 0, and none otherwise. A similar equation
is obtained from (37) (or by transforming (38)). This has suitable solutions if
n < 0, in which case there are a total of |n| of them. Thus conjugate neutrino
zero modes always exist at high temperatures in the presence of an abelian
string, and there are |n| of them. For r > rs the solutions decrease exponentially,
so the zero modes are confined to the string core.
6.1.2 High Temperature Non-Neutrino Zero Modes
Although there is no Higgs field acting on the other fermion fields, it is possible
for zero modes to be generated by the string gauge fields, as discussed by Stern
and Yajnik [10]. (36) and (37) reduce to(
∂r + σU,D
[
i
r
∂θ + pλn
a(r)
r
])
λU,D = 0 (39)
where λ = ui, d
c
i , etc. (not ν
c), and σU,D = ±1. pλ is the eigenvalue of the field
with respect to P10 , (so pe− = − 310 , puci = 110 , etc.). There are normalisable
solutions if |npλ| > 1, all of which can be found analytically. The number of
solutions is equal to the highest integer that is less than |npλ|. Thus |n| must be
at least 4 for any zero modes of this type to exist. If the only stable strings have
winding number 1, then only conjugate neutrino zero modes will be present at
high temperatures around an abelian string.
6.1.3 Low Temperature Non-Neutrino Zero Modes
At lower temperatures Φ10 is non-zero and so the situation is different. With
the exception of the neutrino fields, there is just one Higgs field coupling to
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the fermions. Its two components have winding numbers m and −m, and (36)
reduces to
eiθ
(
∂r +
i
r
∂θ +
g
2
Aθ
)
λcU +mλh(r)e
±imθλ∗U = 0 (40)
eiθ
(
∂r +
i
r
∂θ +
g
2
Aθ
)
λU +mλh(r)e
±imθλc∗U = 0 (41)
where λ can be di, ui, or e
−, and mu = κ˜g2 η24√2 , me = md = κg2
η2
4
√
2
. The upper
sign applies for the di, d
c
i and e
± fields, since they couple to the H0 component
of the Higgs field. The lower sign is taken for the ui and u
c
i fields, which couple
to the H˜0 component. These equations are similar to those in [9], and have
been discussed in [10]. For the down quark and electron fields, they have m
normalisable solutions per particle type, if m > 0 (which only occurs if n < 0).
The corresponding equations for λD have −m solutions for m < 0. For the up
quark fields, there are −m (or m for uiD equations) normalisable solutions per
particle type for uiU (uiD) if m < 0 (m > 0). If n is not a multiple of 5, the
solutions decay exponentially outside r = rew. When n is a multiple of 5 (in
which case m = − 15n), they decay outside r = rs. Thus the zero modes are
confined to the region of symmetry restoration.
The difference in sign between up and down quarks in (40) and (41) has
physical significance when time and z dependence are added to the solutions.
They then represent currents flowing along the string, with the up quark current
flowing in the opposite direction to the down quark and electron currents.
6.1.4 Low Temperature Neutrino Zero Modes
The situation is more complex for the neutrino fields since they are affected by
two Higgs fields at the same time. In this case (36) becomes
eiθ
(
∂r +
i
r
∂θ +
n
2
a(r)
r
)
νcU +mνh(r)e
−imθν∗U +m1f(r)e
inθνc∗U = 0 (42)
eiθ
(
∂r +
i
r
∂θ − 3n
10
a(r)
r
−
[
m+
n
5
] b(r)
r
)
νU +mνh(r)e
−imθνc∗U = 0 (43)
where mν = mu. Although Jackiw and Rossi did not consider this case, it can
be approached using a similar method to theirs. The angular dependence can
be removed with the substitutions
νcU = Ae
ilθ +B∗ei(n−1−l)θ (44)
νU = C
∗e−i(m+1+l)θ +De−i(m+n−l)θ (45)
(The case 2l = n − 1 will be considered later.) Ignoring the gauge terms, the
resulting four complex differential equations are(
∂r − l
r
)
A+mνh(r)C +m1f(r)B = 0 (46)
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(
∂r − n− 1− l
r
)
B +mνh(r)D +m1f(r)A = 0 (47)
(
∂r +
m+ 1 + l
r
)
C +mνh(r)A = 0 (48)
(
∂r +
m+ n− l
r
)
D +mνh(r)B = 0 (49)
Splitting these equations into real and imaginary parts gives two identical sets of
four real equations, and so it is only necessary to look for real solutions. When
r is large, h(r) and f(r) are both approximately 1 and the gauge terms can be
neglected as they are of order 1r . Eliminating C and D, and then solving gives
A+B ∝ e 12
(
−m1±
√
m2
1
+4m2
ν
)
and A−B ∝ e 12
(
m1±
√
m2
1
+4m2
ν
)
(50)
C and D are then proportional to A and B respectively. There are four linearly
independent solutions to these equations. They all have exponential behaviour
at r =∞. Only two linear combinations are normalisable there.
Near the origin, to first order in r, h(r) = Gr|m|, f(r) = Fr|n|, and the gauge
terms can be dropped. Making these substitutions, the four real (or imaginary)
solutions of (46-49) near r = 0 can be found to first order
A ∼ rl, rn+|n|−l, r|m|−m−l, r|m|−m+|n|−n+2+l
B ∼ r1+|n|+l, rn−1−l, r|m|−m+|n|+1−l, r|m|−m−n+1+l
C ∼ r|m|+1+l, r|m|+n+|n|+1−l, r−m−1−l, r2|m|−m+|n|−n+3+l
D ∼ r|n|+|m|+2+l, r|m|+n−l, r2|m|−m+|n|+2−l, r−m−n+l
(51)
If ϕ is solution of (46-49) for all r, which is normalisable at r = ∞, then it
will have to match some combination of the 2 normalisable solutions in (50)
for large r. At r = 0, ϕ will be made up of a combination of the solutions in
(51). So if ϕ is to be normalisable everywhere, at least 3 of the solutions (51)
must be well behaved at r = 0. Thus for each l satisfying 3 of the inequalities
l ≥ 0, l ≤ −m − 1, l ≤ n − 1 and l ≥ n + m, there will be one normalisable
solution. If l satisfies all 4 there will be 2 solutions. Not all of these solutions are
independent since the real (or imaginary) solutions for l = l′ and l = n− 1− l′
are proportional.
For l = 12 (n − 1) the angular dependence of (42) and (43) is removed with
the substitutions
νcU = Ae
ilθ νU = C
∗e−i(m+1+l)θ (52)
giving (after dropping gauge terms) the equations(
∂r − l
r
)
A+mνh(r)C +m1f(r)A
∗ = 0 (53)
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(
∂r +
m+ 1 + l
r
)
C +mνh(r)A = 0 (54)
These have A and C proportional to e
(
m1σ±
√
m2
1
+4m2
ν
)
for large r, with σ =
±1 depending on whether the real or imaginary parts of A and C are being
considered. For small r
A ∼ rl, r|m|−m−l
C ∼ r|m|+1+l, r−m−1−l (55)
So in this case there is one real and one imaginary solution if 0 ≤ l ≤ −m− 1.
This gives a grand total of −2m (−m real and −m imaginary) normalisable
solutions if m < 0, and 0 otherwise. Surprisingly this does not depend on n.
A similar approach can be applied to (37) to give 2m normalisable solutions,
provided m > 0. Hence there are 2|m| possible neutrino zero modes after
electroweak symmetry breaking. As with the other particle zero modes, they
will be confined to the region of symmetry restoration.
For a topologically stable stringm = 0, so no neutrino zero modes form. This
is slightly surprising, since at higher temperatures, when Φ10 is zero, the abelian
string does have neutrino zero modes, and intuitively, since Φ10 ∼ η2η1Φ126 ∼
10−13Φ126, the situation would be the same for lower temperatures.
6.2 Zero Modes of the Nonabelian Strings
There are two additional complications with nonabelian strings. Firstly the
particle states are not eigenstates of the string generator, although this is easily
solved by re-expressing the problem in terms of gauge eigenstates. Secondly,
there are effectively twice as many Higgs fields, since each Higgs field has two
parts with different winding numbers and different profiles.
6.2.1 High Temperature Neutrino Zero Modes
At high temperatures the gauge fields are proportional to Ts. Since ν
c is
not an eigenstate of Ts, the equivalent of (38) is obtained by putting ΨL =
(νˆc ± 2Tsνˆc)χ(±)(r, θ), which are eigenvectors of Ts. Their eigenvalues are ± 12 .
Substituting this and (9) into (36) gives
eiθ
(
∂r +
i
r
∂θ ± na(r)
2r
)
χ
(±)
U +m1
1
2
(
f0(r)χ
(∓)∗
U + e
±inθf1(r)χ
(±)∗
U
)
= 0 (56)
(The equivalent equations from (37) can be obtained by complex conjugation.)
These two equations bear some resemblance to (42) and (43), and the θ depen-
dence can be removed with the substitutions
χ
(+)
U = Ae
ilθ +B∗ei(n−1−l)θ (57)
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χ
(−)
U = C
∗e−i(l+1)θ +Dei(l−n)θ (58)
which are the same as (44) and (45), when m is equal to zero. The resulting
r dependent equations closely resemble (46-49). Similarly they also have four
independent solutions, only two of which are well behaved at infinity, the rest
increase exponentially. For small r they behave as badly as (51) with m = 0.
Thus there are no normalisable solutions for any values of n.
6.2.2 High Temperature Non-Neutrino Zero Modes
For the fermion fields that do not couple to Φ126 it is possible for zero modes
to exist by the same mechanism as (39). However, unlike the abelian case,
some fermion fields are annihilated by Ts so pλ is effectively zero, and they
cannot have zero energy solutions for any value of n. For instance, the ui, di,
ν and e− fields are all zero eigenvectors of the string generator for the high
temperature W -string. Thus solutions can only occur for the conjugate fields,
in the presence of this type of string. Putting ΨL = (λˆ± 2Tsλˆ)χ(±)(r, θ), where
Tsλˆ is not proportional to νˆ
c or Tsνˆ
c, or equal to zero, the nonabelian equivalent
of (39) is (
∂r + σU,D
[
i
r
∂θ ± 1
2
n
a(r)
r
])
χ
(±)
U,D = 0 (59)
It has the solutions
χ
(±)
U,D = r
l exp
(
σU,D
{
ilθ ∓ n
2
∫ r
0
ds
a(s)
s
})
(60)
The solutions are normalisable if 0 ≤ l < ±σU,D n2 − 1. Thus the total number
of solutions, per number of particles (6 in this case), will be the largest integer
below 12n. In order for any such solutions to exist n must be at least 3, so they
do not occur for topologically stable strings.
6.2.3 Low Temperature XS and X
′ String Zero Modes
At low temperatures Φ10 is non-zero and couples to all the fermion fields. When
Ts is made up of generators of the XS or X
′ fields, Φ10 just takes its usual
vacuum expectation value. For the fermion fields that are not affected by Φ126
there is effectively no string and so no zero modes. For the fields affected by
Φ126 the solutions of the field equations will be at least as divergent as those of
(56), so there will no normalisable solutions.
6.2.4 Low Temperature W -String Non-Neutrino Zero Modes
The neutrino and electron fields all couple to Φ126 in the presence of aW -string,
while the quark fields are only affected by Φ10. For a topological W -string (so
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n is odd), Φ10 can be determined using (28) and the comments after it
Φ10 =
η2√
2
einθ(Ts+R)
{
κ−κ˜
2 (H
0 − H˜0)hp + κ+κ˜2 (H0 + H˜0)hq
}
= η2√
2
[
κ−κ˜
2
{
(H0 − H˜0) cos pθ + i(H˜+ −H+) sin pθ
}
hp
+ κ+κ˜2
{
(H0 + H˜0) cos qθ + i(H˜+ +H+) sin qθ
}
hq
] (61)
z has been gauge transformed to 1. Putting ΨL = ai
∑
±(uˆi ± dˆi)χ(±) + (uˆci ±
dˆci )χ
c(±) (where ai are real) and the expression for the Higgs field into (36), and
using the fact that uˆi ± dˆi and uˆci ± dˆci are eigenvectors of R and Ts, gives
eiθ
(
∂r +
i
r∂θ ± na(r)2r
)
χ
c(±)
U
+κ+κ˜2 m2hqe
±iqθχ(±)∗U − κ−κ˜2 m2hpe±ipθχ
(∓)∗
U = 0
(62)
eiθ
(
∂r +
i
r∂θ ∓ b(r)2r
)
χ
(±)
U
+κ+κ˜2 m2hqe
±iqθχc(±)∗U − κ−κ˜2 m2hpe∓ipθχ
c(∓)∗
U = 0
(63)
where m2 = g2
η2
4
√
2
. If κ 6= κ˜ the angular dependence can then be separated
with the surprisingly simple substitutions
χ
(+)
U = Ae
ilθ χ
(−)
U = Be
i(p−q+l)θ
χ
c(+)
U = C
∗e−i(1−q+l)θ χc(−)U = D
∗e−i(1+p+l)θ
(64)
where l must be an integer. The resulting equations for A,B,C,D have two
sets of four solutions. One set is real, the other purely imaginary. They both
satisfy the same real equations. As with (42) and (43) their behaviour for large
and small r can be found. The solutions have exponential behaviour at large r,
two are divergent, two are normalisable. To first order for small r, four of the
terms present (one from each solution), are proportional to rl, rp−q+l = r1+l,
rq−1−l = r
1
2
(n−3)−l and r−p−1−l = r−
1
2
(n+3)−l. In order to match up with some
combination of the normalisable large r solutions, at least 3 of these must be
well behaved at r = 0. This occurs when q − 1 ≥ l ≥ 0, in which case just 3
are well behaved. Thus there are 2q = n− 1 (real and imaginary) normalisable
solutions to (36), and (by complex conjugation) 2q solutions of (37).
If κ = κ˜, the e±ipθ terms in (62) and (63) are not present. Apart from the
gauge terms, these are practically the same as (40) and (41). They can be solved
in the same way, so there are 2q normalisable solutions. The corresponding
equations from (37) also have 2q solutions.
Since there are 3 linearly independent choices of ai(uˆi ± dˆi) there are a
total of 12q different zero modes for the W -string after electroweak symmetry
breaking. The solutions are contained in the r < rew region. Since q = 0 for
the energetically stable n = 1 string, it has no fermion zero modes.
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When n is even (so the string is actually topologically equivalent to the
vacuum), Φ10 is equal to
η2√
2
{
(H0κ+ H˜0κ˜) cos
n
2
θ + i(H˜+κ+H+κ˜) sin
n
2
θ
}
hn/2 (65)
This is the same as (61) if p and q are both set equal to n/2. Thus the re-
sults for the odd n strings can be applied to even n strings, and there are 12n2
normalisable solutions.
The mass terms considered in this theory are not of the same form as the
ones usually used in SU(5) GUTs. Usually the VEV of Φ10 consists of only one
component in the 5−2 representation (equivalent to putting κ = 1 and κ˜ = 0).
This gives masses to the down quarks and electrons. The up quarks (and in
SO(10), the neutrinos) get masses from the P -charge conjugate of Φ10, which
transforms under the 5¯2 representation. The fermionic part of the Lagrangian
is thus taken as
Lfermions = Ψ¯LiγµDµΨL − 12 iΨ¯L
(
g′2Φ10 + g˜
′
2Φ˜10
)
ΨcL
− 12 ig1Ψ¯LΦ126ΨcL + (h. c.)
(66)
where Φ˜10 is the P -charge conjugate of Φ10. If Φ10 = φαH
α, then Φ˜10 is equal
to φ∗αH˜
α. If g′2 and g˜
′
2 are suitably defined, (66) will be equal to (34) in the
vacuum, or in the presence of an abelian string, so the two theories will be
equivalent.
If a nonabelian string which affects Φ10 is present, the two theories are
different. If it is a W -string, R will be equal to kiτ
W i
L . Since κ˜ = 0, the only
restriction on ki is k =
1
2n . Choosing a gauge in which Ts =
1
2
√
2
[τW
+
R + τW
−
R ],
and taking n = 1, g′2 = g˜
′
2, k1 = 1 and k2 = k3 = 0, gives (from (28))
Φ10 + Φ˜10 =
η2√
2
(H0 + H˜0)h1 cos θ (67)
which is proportional to the quark and electron mass terms. This implies the
fermion masses vary with θ, and actually vanish at θ = ±pi2 . Moreover this is
true for all r. Other choices of ki, g
′
2 and g˜
′
2 will also have a θ dependent mass.
Clearly this is not physically credible, and so the Lagrangian (66), despite being
the most obvious generalisation of the SU(5) GUT, is unrealistic.
6.2.5 Low Temperature Y -String Non-Neutrino Zero Modes
The Y -string can be approached in a similar way to the W -string, although
the resulting equations are more complicated. Choosing a gauge in which Ts =
1
2
√
2
(τY
′
1
+
+ τY
′
1
−
), the energetically favourable choice of R is s 12nτ
Y 31 , with
s = ±1. τY 31 is the generator that forms an SU(2) subgroup with τY ±1 . Φ10 is
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then equal to
η2
2
√
2
[
κ(H0 + sH˜1)eispθ + κ˜(H˜0 + sH1)e−ispθ
]
hp
+ η2
2
√
2
[
κ(H0 − sH˜1)e−isqθ + κ˜(H˜0 − sH1)eisqθ
]
hq
(68)
The problem is best expressed in terms of fermion eigenstates of R and Ts.
Putting ΨL = uˆ
′v + sdˆ′w + 1√
2
(uˆ′c + sdˆ′c)χ(+) + 1√
2
(uˆ′c − sdˆ′c)χ(−), where
uˆ′ = a1uˆ1+a2uˆc2+a3uˆ
c
3 and dˆ
′ = a1eˆ++a2dˆ3−a3dˆ2 with ai arbitrary and real,
gives
eiθ
(
∂r +
i
r
∂θ − sb(r)
2r
)
vU +
m2√
2
κ˜
(
hpe
−ispθχ(−)∗U + hqe
isqθχ
(+)∗
U
)
= 0 (69)
eiθ
(
∂r +
i
r
∂θ +
sb(r)
2r
)
wU +
m2√
2
κ
(
hpe
ispθχ
(+)∗
U − hqe−isqθχ(−)∗U
)
= 0 (70)
eiθ
(
∂r +
i
r
∂θ +
sna(r)
2r
)
χ
(+)
U +
m2√
2
(
κhpe
ispθw∗U + κ˜hqe
isqθv∗U
)
= 0 (71)
eiθ
(
∂r +
i
r
∂θ − sna(r)
2r
)
χ
(−)
U +
m2√
2
(
κ˜hpe
−ispθv∗U + κhqe
−isqθw∗U
)
= 0 (72)
These equations are similar to (62) and (63). Their θ dependence is removed
with the substitutions
vU = Ae
ilθ wU = Be
i(sq−sp+l)θ
χ
(+)
U = C
∗e−i(1−sp+l)θ χ(−)U = D
∗e−i(sq+1+l)θ
(73)
The resulting equations have the same form as the corresponding W -string
equations, and can be solved in the same way. This gives a total of 12q = 6(n−1)
(or 6n if n even) normalisable zero modes.
6.2.6 Low Temperature W and Y String Neutrino Zero Modes
For the fields affected by both Φ126 and Φ10 in the presence of a W -string, the
equations of motion are a combination of (56) and (63,63)
eiθ
(
∂r +
i
r∂θ ± na(r)2r
)
χ
c(±)
U
+m1
1
2
(
f0(r)χ
c(∓)∗
U + e
±inθf1(r)χ
c(±)∗
U
)
+κ+κ˜2 m2hqe
±iqθχ(±)∗U − κ−κ˜2 m2hpe±ipθχ
(∓)∗
U = 0
(74)
eiθ
(
∂r +
i
r∂θ ∓ b(r)2r
)
χ
(±)
U
+κ+κ˜2 m2hqe
±iqθχc(±)∗U − κ−κ˜2 m2hpe∓ipθχ
c(∓)∗
U = 0
(75)
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The angular dependence is removed with the substitutions
χ
(+)
U = Ae
ilθ + E∗e−i(p−q+1+l)θ χ(−)U = Be
i(p−q+l)θ + F ∗e−i(1+l)θ
χ
c(+)
U = C
∗e−i(1−q+l)θ +Gei(p+l)θ χc(−)U = D
∗e−i(1+p+l)θ +Hei(l−q)θ
(76)
Only 4 of the 8 solutions are well behaved at large r. At small r, no more than
4 solutions are well behaved for any choice of l. Thus it is not possible to match
up the different solutions to give one which is normalisable everywhere. This is
also true for the Y -string, so neither of them have low temperature zero modes
involving the conjugate neutrino field.
6.3 Summary
The only fermion zero modes that form at high temperatures are νc zero modes
around abelian strings (in which case there are |n| of them), or those that involve
fermion fields that just couple to the string gauge fields, and not Φ126. This
latter type of zero mode will only occur for higher n strings (|n| ≥ 3).
At low temperatures there are a total of 16|m| different zero modes on an
abelian string (|m| for each particle type), where m is the winding number of
Φ10. m = 0 when |n| < 3, so there are no zero modes around topologically stable
abelian strings, and hence they can only be superconducting at low temperatures
in the presence of an unusual Higgs potential [11].
If m 6= 0, and z and time dependence is added to the solutions, they will
correspond to superconducting fermion currents. The electron and down quark
currents will then flow in the opposite direction to the neutrino and up quark
currents.
In the presence of a X ′ or XS nonabelian string there are no zero modes at
any temperature. The other types of nonabelian string each have 12q zero modes
(q for each particle type not coupling to Φ126), where q is the winding number of
the part of Φ10 which winds least, so q =
1
2n for even n, and q =
1
2 (n−1) for odd
n. For a minimal energy, topologically stable string there are no fermion zero
modes, although there is still the possibility of superconductivity due to gauge
boson zero modes. Thus even the X and XS-strings may be superconducting
[17]. Indeed, it has recently been shown that such strings do become current
carrying by gauge boson condensation [20].
The supercurrents corresponding to any fermion zero modes present do not
consist of single particle types, as those around an abelian string do. Instead
they are made up of eigenstates of the string generator. Also, unlike the abelian
case, currents containing each particle type flow in both directions along the
string.
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7 Other Related Grand Unified Theories
Although only one particular SO(10) GUT has been discussed, many of the
results apply to different symmetry breakings. Any theory of the form
SO(10) · · · Φ126−→ · · ·SU(3)c×SU(2)L×U(1)Y ×Z2 Φ10−→ SU(3)c×U(1)Q×Z2 (77)
could have string solutions of the form (7) or (8), which would cause electroweak
symmetry restoration at low temperatures in the same way as (1). The form
of the other Higgs fields will not make much difference, as long as they are
single valued in the presence of a string (like Φ45). If they are, it will not be
necessary to add extra gauge fields, and so Φ10 will have the same behaviour
as in (1). The resulting strings will have the same kind of zero modes as the
(1) theory, provided none of the other Higgs fields couple to the fermions. The
only Higgs fields that can couple to fermions are those which transform under a
representation contained in the 16× 16, since fermion mass terms transform as
a product of 16s. The only such representations are 126, 10, and 120 (which
is antisymmetric), so the results of the previous section apply to a wide range
of theories.
The Higgs fields which gain their VEVs after Φ126 will determine the most
energetically favourable choice of string generator, as Φ45 did in (1). If a GUT
of the form (77) has Higgs fields which take non-zero VEVs before Φ126, the
choice of Ts will be more restricted. If a generator has already been broken, the
formation of the corresponding string will not occur.
One theory of the form (77) is
SO(10)
ΦA−→ SU(5)× U(1)P Φ45−→ SU(3)c × SU(2)L × U(1)Y × U(1)P
Φ126−→ SU(3)c × SU(2)L × U(1)Y × Z2
Φ10−→ SU(3)c × U(1)Q × Z2
(78)
The ΦA Higgs field transforms under either the 45 or 210 representation of
SO(10), and is an SU(5) singlet. Unlike (1), only abelian strings can form
in this theory, since the only generator that Φ126 breaks is P . This means
that electroweak symmetry restoration will always occur in the presence of a
string. ΦA and Φ45 will both take their usual VEVs in the presence of such a
string, so the only symmetries restored in the string core will be U(1)P , and
the electroweak symmetry. Another interesting feature of this theory is that
strings can form at energies close to the electroweak scale, and so rs could be
of similar size to rew , although still smaller. This string is a candidate for
defect mediated electroweak baryogenesis [6]. Switching the second and third
symmetry breakings also gives a theory with similar solutions.
A different unifying gauge group (instead of SO(10)), with similar properties
to (78) is SU(5) × U(1)P . It was suggested in [11], and has two independent
gauge coupling constants. Unlike (78), strings of all winding numbers will be
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topologically stable, since U(1)P is broken to Z instead of Z2. They could still
decay by splitting into several strings with lower winding numbers. The field
equations for the electroweak fields will be the same as (16) and (17), but with
− 15 the ratio of the two couplings instead of just − 15 . If the ratio is α, then
Φ10’s winding number will be the nearest integer to −αn5 (with half integers
rounded towards zero), so if |α| > 52 , Φ10 will always wind in the presence of
a string. Since |m| will always be non-zero, fermion zero modes will always be
present. This also means that neutrino zero modes can survive the electroweak
phase transition
A theory which is substantially different from (1) starts with the symmetry
breaking SO(10)
Φ54−→ SU(4)× SU(2)2 × ZC2 . The ZC2 symmetry is not the Z2
symmetry in (77). Φ10 is not invariant under it, so it must be broken during
or before the electroweak symmetry breaking. This will lead to formation of
domain walls, and so such a theory will have substantially different properties
to (1), and is ruled out cosmologically [1].
Another type of theory closely related to (77) occurs when Φ126 is replaced
by Φ16, where the usual VEV of Φ16 is proportional to u. The gauge fields
all gain masses in the same way as the equivalent theory involving Φ126, but
there will be no discrete Z2 symmetry, so there will be no topological strings.
However, solutions of the form (7,8) can still form, although since e2piinTs will
need to map u to u to give a single valued Φ16, only solutions with even n will
occur. Of course, if such strings are to be observed, they will need to be stable,
which will only happen for certain values of the theory’s parameters. Embedded
defects similar to these have been discussed previously [15, 21].
Since Φ16 does not couple to the fermions, g1 will be zero in (34), and so the
neutrinos will have the same kind of zero modes as all the other particles (As
would be the case if Φ126 were present, but g1 were zero). However such a theory
has left-handed neutrinos with significant masses, and so is not compatible with
the standard model (unless some other mechanism is introduced to reduce the
mass of the ν field).
Yet another set of related theories can be obtained from (1) by choosing a
different VEV of Φ45. Adding a multiple of P to it will not affect any of the
SU(5) symmetry breaking since all the SU(5) fields commute with it, thus it
will not alter which gauge bosons become superheavy. It will alter the sizes
of the masses of the SO(10) fields. The most energetically favoured choice of
nonabelian string will be the one with the lowest energy contribution at the Φ45
symmetry breaking. This will be the one whose string generator corresponds
to gauge fields with the lowest mass. So by choosing Φ45 appropriately, any
of the nonabelian strings could become favourable. The X ′ and Y strings are
gauge equivalent at this stage, but since the X ′ string contributes nothing at
the electroweak symmetry breaking, it will always be more favourable than
the Y string. Thus any of the X ′ , XS or W -strings could be energetically
favourable. If it is the W -string, then it is most probable that electroweak
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symmetry restoration will occur. The same sort of freedom does not exist with
Φ126 and Φ10, since any such change will give different fermion mass terms, and
radically alter the theory.
8 Conclusions
In this paper we have uncovered a very rich microstructure for SO(10) cosmic
strings. In particular, we have found four nonabelian strings as well as one
abelian string. We have examined the effect of the strings on the subsequent
symmetry breakings and studied the zero modes in detail. Our results are sum-
marised in the table
Gauge Type Symmetry restoration EW Zero modes if
field SO(10) SU(5) EW fields GUT EW
S abelian yes no yes Z n 6= 0 |n| ≥ 3
X±Si nonabelian partial partial no — n ≥ 3 never
X ′i
±
nonabelian partial partial no — n ≥ 3 never
W±R nonabelian partial partial yes W
±
L n ≥ 3 n ≥ 2
Y ′i
±
nonabelian partial partial yes A,Z, gluons n ≥ 3 n ≥ 2
It seems that electroweak symmetry restoration by GUT strings is quite
likely. The exact results are dependent on the details of the theory and the
choice of string generator. For the SO(10) theory considered, electroweak sym-
metry is restored for the abelian string, and half the possible nonabelian strings,
although the most energetically favourable of these does not restore electroweak
symmetry. However, other closely related SO(10) GUTs have different minimal
energy string solutions, which will restore the symmetry, such as (78), or (1)
with a different choice of Φ45. Thus, our results generalise to a range of theories.
This is currently under investigation.
The size of the region of electroweak symmetry restoration for the topologi-
cally stable (n = 1) strings is determined by the electroweak scale, and is much
larger than the string core. For nonabelian strings, with higher winding num-
ber, the region will be the same if they are topologically equivalent to the n = 1
string (i.e. odd n), and restricted to the string core if they are topologically
equivalent to the vacuum (i.e. even n). There is no such distinction between
topological and non-topological abelian strings, which restore symmetry in the
larger region if the winding number is not a multiple of 5. Some of the SU(5)
symmetry is also restored by all of the nonabelian strings, but not the abelian
string. This is only within the string core, irrespective of the string winding
number, and since Φ45 is not zero there, the restoration is only partial.
For any choice of Ts, ignoring possible potential driven symmetry restoration,
the GUT will not be fully restored at the string’s centre. All the nonabelian
strings have non-zero (although smaller than usual) Φ126 and Φ45 fields at their
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centre, so the SO(10) (apart from the electroweak fields) symmetry is only
partially restored inside the string. For the abelian string Φ126 is zero in the
string core, but Φ45 takes its usual value, so with the exception of U(1)P , most of
the SO(10) symmetry is broken. The resulting gauge boson masses are smaller,
but still superheavy. However, for the abelian and the W and Y nonabelian
strings, there is almost full restoration of electroweak symmetry in a larger
region than the string core.
Although the profile of the electroweak Higgs field obeys the same boundary
conditions as a string, its exact form has a closer resemblance to a string with
non-integer winding number. For the abelian string the actual winding number
of Φ10 is less than that of the GUT string (about
1
5 ). The same is true for the
nonabelian string, which has the winding number (or numbers if n is odd) of
Φ10 about
1
2 that of the string itself.
For the abelian string it is the winding number of Φ10 that determines the
existence of fermion zero modes after electroweak symmetry breaking. The
number of zero modes is 16 times its winding number, so unfortunately there
will be none for topologically stable strings, which have |n| = 1 and hence
m = 0. Neutrino zero modes can always exist at high temperatures, but they
do not survive the electroweak phase transition (for |n| = 1). This result is
fairly general, as discussed in section 7.
The cosmology of such strings is rather interesting. The existence of neutrino
zero modes at high temperatures enables the string to carry a neutral current,
and thus lead to the formation of vortons [22]. Normally, vortons formed at such
high temperatures result in the theory being ruled out cosmologically [22, 23].
However, in our case the vortons would cease to be stable below the electroweak
scale, and cannot be used to rule out the theory [24].
At high temperatures, it is also possible (for higher n) for zero modes to form
because of the string gauge fields. This can also occur for the nonabelian strings,
and for the non-conjugate neutrino fields around abelian strings. However this
effect is always overridden if the fermion field couples to a non-zero Higgs field.
In the presence of a nonabelian string, different parts of Φ10 can have dif-
ferent winding numbers. In the cases considered it is the part with the lowest
winding number which determines the number of zero modes. Its winding num-
ber is equal to 12n rounded down to the nearest whole integer for W and Y
strings, and 0 for the other two types. There are then a total of 12 times this
number of possible fermion zero modes. The fields coupling to Φ126 (part of
which has winding number 0) do not have such solutions. As with the abelian
string there are no zero energy fermion solutions for topologically stable strings,
and so fermion zero modes on strings are not as common as would be expected.
In our analysis we have only considered terms occuring in the tree level La-
grangian. One-loop corrections are likely to induce couplings between the non-
abelian string field and the electroweak Higgs. This may result in electroweak
symmetry restoration around the X ′ and XS strings. However, the electroweak
Higgs field would not wind in this region, and there would still be no fermion
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zero modes.
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A SO(10) Grand Unified Theory
Under SO(10), all left-handed fermions transform under one representation, and
right-handed fermions transform under its conjugate [18]. It is convienient to use
just one representation. This can be achieved by using the charge conjugates of
the fermions (ψcR = Cψ¯
T
R, ψ
c
L = Cψ¯
T
L ). The charge conjugate of a right handed
fermion transforms as a left handed fermion, and vice versa. Thus ΨL = ψL+ψ
c
R
is left handed. For SO(10) this definition is necessary, as well as convienient.
ψL could be gauge transformed to ψ
c
R, so any gauge invariant quantities will
have to involve just ΨL and ΨR (right-handed equivalent of ΨL). However, ΨR
is superfluous, since it is equal to iσ2Ψ
∗
L = Ψ
c
L, so the theory can be described
entirely in terms of ΨL. For the electron family, it can be written as
Ψ
(e)
L =
(
u1, u2, u3, νe, d1, d2, d3, e
−, dc1, d
c
2, d
c
3, e
+, uc1, u
c
2, u
c
3, ν
c
e
)T
(79)
where di = diL, d
c
i = iσ2d
∗
iR, etc. so all the fields are left handed. The other
two families of fermions can be described similarly. Adapting work by Rajpoot
[19], the gauge fields can be expressed explicitly as 16× 16 matrices
A =
√
2


H I4W
−
L M
′
Y MX
I4W
+
L H M
′∗
X MY
M ′†Y M
′T
X −H∗ I4W−R
M †X M
†
Y I4W
+
R −H∗

+ Λ (80)
where I4 is the 4× 4 identity matrix, and
MX =


0 −X−3 X−2 −X ′1−
X−3 0 −X−1 −X ′2−
−X−2 X−1 0 −X ′3−
X ′1
−
X ′2
−
X ′3
−
0

 (81)
MY =


0 Y −3 −Y −2 −Y ′1+
−Y −3 0 Y −1 −Y ′2+
Y −2 −Y −1 0 −Y ′3+
Y ′1
+ Y ′2
+ Y ′3
+ 0

 (82)
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M ′X and M
′
Y are obtained by swapping X
±
i and Y
±
i with X
′
i
±
and Y ′i
±
in MX
and MY . H is defined as
H =

 G
X−S1
X−S2
X−S3
X+S1 X
+
S2 X
+
S3 0

 (83)
G is a 3 × 3 matrix of containing the gluon fields, it is hermitian, and so H is
too. The other fields are contained in the diagonal matrix Λ
Λ = diag
(
( B
′√
6
+W 3L)3,−3 B
′√
6
+W 3L, (
B′√
6
−W 3L)3,−3 B
′√
6
−W 3L,
(− B′√
6
+W 3R)3, 3
B′√
6
+W 3R, (− B
′√
6
−W 3R)3, 3 B
′√
6
−W 3R
)
= diag((s+ 2a+ 2z)3,−3s+ 4z, (s− 3z − a)3,−3s− 3a− z,
(−3s+ a− z)3, s+ 3a− 3z, (s− 2a+ 2z)3, 5s)
(84)
The subscripts indicate repeated values, and
s = 15
(
−W 3R +
√
3
2B
′
)
B =
√
3
5W
3
R +
√
2
5B
′
z = 14
(
W 3L −
√
3
5B
)
a = 14
(
W 3L +
√
5
3B
)
(85)
Z =
√
10z and A =
√
6a are the unrenormalised electroweak Z0 boson and
photon respectively. S = −√10s is a high energy SO(10) boson. The generator
P is obtained by putting s = 1 and a = z = 0 in the expression for Λ. The
substitutions s = z = 0 and a = 13 give the charge operator.
A.1 Higgs Fields
The electroweak Higgs field transforms under the 5−2 and 5¯2 representations
of SU(5). They are contained in the 10 of SO(10), and so the components
of Φ10 can be expressed as symmetric products of spinors transforming under
the 16 representation. Thus Φ10 can be expressed as φαH
α+ φ˜αH˜
α, where Hα
(α = 0,+, 1, 2, 3), are the five components of 5−2, and H˜α are the corresponding
components of 5¯2. (H
0, H+) and (H˜0, H˜+) form SU(2)L doublets, while H
i
and H˜i (i = 1, 2, 3) form an SU(3)c triplet and antitriplet. Expressing these
components of 10 in terms of symmetric products of 16s gives
H0 = 14 [(dˆj × dˆcj)S + (eˆ+ × eˆ−)S ] H+ = 14 [(uˆj × dˆcj)S + (eˆ+ × νˆ)S ]
Hi = 14 [ǫijk(dˆ
c
j × uˆck)S − (uˆi × eˆ−)S + (dˆi × νˆ)S ]
H˜0 = 14 [(uˆj × uˆcj)S + (νˆ × νˆc)S ] H˜+ = 14 [(uˆcj × dˆj)S + (eˆ− × νˆc)S ]
H˜i = 14 [ǫijk(uˆj × dˆk)S − (dˆci × νˆc)S + (uˆci × eˆ+)S ]
(86)
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where νˆ is the basis vector corresponding the ν field, etc. The second Higgs field
Φ45 is in the 240 component of the 45 representation, and its usual vacuum
expectation value is proportional to the diagonal matrix
diag ((1/3)3,−1, (1/3)3,−1, (2/3)3, 2, (−4/3)3, 0) (87)
In the absence of a string, Φ126 is proportional to (u × u)S, with u = νˆc.
A.2 Fermion Masses
The masses of the fermions arise from Yukawa couplings to the Higgs fields.
These must of course be Lorentz and gauge invariant. The two possible Lorentz
invariant mass terms are Dirac masses (ψ¯LψR + ψ¯RψL), and Majorana masses
(ψ¯cLψL+ ψ¯Lψ
c
L+(right-hand terms)). Dirac masses transform as singlets under
gauge transformations, and so will not be gauge invariant when coupled to a
Higgs field. The Majorana masses transform as a product of 16s, and so can be
coupled to similarly transforming Higgs fields, Φ126 and Φ10, but not Φ45. This
gives the fermionic Lagrangian (34), (considering only one family of fermions
for simplicity), with Yukawa couplings.
Of course, since (34) is invariant under SO(10), it must be invariant under
SU(5) as well. Thus Φ126 can only couple to SU(5) singlets (i.e. products of
the conjugate neutrino field). The two components of Φ10 couple to 5−2 and 5¯2
products of fermions. Under SU(5), the remaining fermions transform under
101 and 5¯−3 representations. To find allowable mass terms, products of these
representations need to be expressed in terms of irreducible representations.
101×101 and 15× 5¯−3 both contain 5¯2s, and 101× 5¯−3 contains a 5−2. Thus,
for the usual VEVs of the Higgs fields, the mass terms are written in terms of
particle fields as
Ψ¯LH
0ΨcL =
1
8
[
d†i iσ2d
c∗
i + e
−†iσ2e+∗ + d
c†
i iσ2d
∗
i + e
+†iσ2e−∗
]
= 14
[
d¯iLdiR + e¯
−
Le
−
R
] (88)
and similarly for H˜0, so
Ψ¯LΦ10Ψ
c
L =
η2κ
4
√
2
[
d¯iLdiR + e¯
−
Le
−
R
]
+
η2κ˜
4
√
2
[u¯iLuiR + ν¯LνR] (89)
Ψ¯LΦ126Ψ
c
L = ν
c†iσ2νc∗
η1√
2
= νTRiσ2νR
η1√
2
(90)
This model, unlike the standard model, has non-zero neutrino masses. However,
if the νTRiσ2νR term is much larger than the ν¯LνR term, the mass eigenstates
will be approximately νL and νR, and have very small and very large mass
eigenvalues respectively, giving an almost massless left-handed neutrino.
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